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Abstract. We analyze the structure of the virtual (orbifold) K-theory ring of the complex orb- 
ifold P(l,n) and its virtual Adams (or power) operations, by using the non-Abelian localization 
theorem of Edidin-Graham 3 . In particular, we identify the group of virtual line elements and 
obtain a natural presentation for the virtual K-theory ring in terms of these virtual line elements. 
This yields a surjective homomorphism from the virtual K-theory ring of P(l, n) to the ordinary 
K-theory ring of a crepant resolution of the cotangent bundle of P(l, n) which respects the Adams 
operations. Furthermore, there is a natural subring of the virtual K-theory ring of P(l, n) which 
is isomorphic to the ordinary K-theory ring of the resolution. This generalizes the results of 
Edidin-Jarvis-Kimura _6. who proved the latter for n = 2, 3. 
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1. Introduction 

We begin by quickly recalling a few facts about the virtual K-theory ring and virtual Adams 
(or power) operations of a complex orbifold. We will focus upon the case of primary interest to 
us, P(l,ra), for simplicity of exposition, keeping in mind that these notions can be defined quite 
generally, e.g. for toric orbifolds. We refer the interested reader to [5j [6] for the general case. 

Let P(l, n) be the weighted projective line regarded as the toric orbifold [X/G] where the smooth 
manifold X = C 2 — {(0, 0)} has the action of G, the complex torus C*, given by the map G x X — >• X 
taking (a, (21,22)) H> (azi,a n z-i). The associated inertia orbifold JP(l,n) is the quotient orbifold 
[(IaX)/G) where the inertia manifold IqX C G x X, consisting of all points (m, x) such that mi = 
x, is a G-manifold with the induced action G x IqX — > IqX given by (h, (g,x)) \-> (hgh~ 1 ,hx). 
Notice that I¥(l,n) contains P(l,n) via the the G-equivariant embedding X — > IqX taking x 1-4 
(l,x). 
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Let K(IF(l,n)) be the Grothcndicck group of complex vector bundles on the orbifold IP(l,n) 
or, equivalently, K(IF(l,n)) is Kq{IgX), the Grothendieck group of G-equivariant vector bundles 
on IqX. There are many so-called inertial products on K(IP(1, n)) in the sense of [5] which make 
K(IF(1, n)) into a commutative, unital ring containing the ordinary K-theory ring K(F(1, n)), called 
the untwisted sector, as a subring. Recall that the motivating example of an inertial product is the 
orbifold product which, in K-theory, is due to Adem-Ruan-Zhang [T] and Jarvis-Kaufmann-Kimura 
[9] (and, in terms of a Lie group presentation, Edidin-Jarvis-Kimura [4]). This orbifold product is 
a K-theoretic version of an orbifold product originally introduced in cohomology theory by Chen- 
Ruan [2] as the genus 0, 3-pointed, degree stable maps contribution to (orbifold) Gromov-Witten 
theory. 

The virtual (orbifold) product is an inertial product introduced by Gonzalez-Lupercio-Segovia- 
Uribe-Xicotencatl [8]. Furthermore, in [6j, it was shown that the virtual K-theory ring of any 
toric orbifold admits virtual Adams (or power) operations, a collection of ring homomorphisms 
ip k : K(I¥(l,n)) —> K(IF(l,n)) which satisfy ip 1 = id, and the conditions ip k o ip e = ijj ke for all 
k,£ > 1, yielding the structure of a so-called ip-ring. In fact, the -0-ring structure on K(IF(l,n)) 
induces a A-ring structure on K (JP(1, n))q. In addition, on the untwisted sector K(P(l,n)), these 
virtual Adams operations reduce to the ordinary Adams operations which satisfy 

^ k (^f) = ^ k (1) 

for all k > 1 when Jz? is the class of any line bundle. 

The previous equation motivates the following definition: An element _Sf in the virtual ^-ring 
K(IF(l,n))c is said to be a virtual line element if it is invertible and satisfies Equation (fTJ) for all 
k > 1. The multiplicative group of virtual line elements V C K(IP(l,n))c contains, in particular, 
classes of ordinary line bundles on P(l, n). Virtual line elements share many of the same properties 
as ordinary line bundles in ordinary equivariant K-theory. For example, they possess a virtual 
version of an Euler class constructed from the virtual A-ring structure and a virtual version of 
dualization (see [6] for details). 

In this paper, we apply non-Abelian localization [3] to K (/P(l, n))c and express the virtual 
product and virtual Adams operations in terms of natural generators on the localization. We use 
these generators to calculate the group of virtual line elements V , show that V spans the vector 
space K(IP(l,n))c, and then give a simple presentation of the virtual K-theory ring K(IF(l,n))c 
in terms of these virtual line elements. Finally, we show that for a particular crepant resolution, 
Z n , of the total space of the cotangent bundle of P(l, n), there is a surjective homomorphism from 
the virtual K-theory ring K(IF(1, n))c to ordinary K-theory ring K(Z n )c which respects the ^-ring 
structures in the spirit of the hyper-Kahler resolution conjecture. Indeed, there is a summand of the 
virtual K-theory ring K(IF(1, n))c, isomorphic to the completion with respect to the augmentation 
ideal, which is isomorphic to K(Z n )c as ^-rings. These results generalize those of [B] where a 
different presentation of the virtual K-theory ring and the same results for the crepant resolution 
for n — 2,3 were obtained without using localization. 

Finally, it is worth pointing out that these techniques should apply to general toric orbifolds. It 
would be very interesting to study these questions in greater generality. 

Acknowledgments. We would like to thank Dan Edidin, Tyler Jarvis, and Tomoo Matsumura 
for useful discussions. 
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2. Review of inertial and virtual K-theory 

This section provides a brief introduction to theory of inertial pairs on smooth Deligne-Mumford 
stacks developed in 16] . An inertial pair defines a multiplication on the K-theory and Chow ring of 
the inertia stack. These rings have compatible power operations for a special case of inertial pairs, 
which will be of interest here. Let X be a scheme or algebraic space (or smooth manifold) and G a 
linear algebraic group acting properly on X. Then the quotient [X/G] is a smooth Deligne-Mumford 
stack (or complex orbifold). 

Definition 2.1. Define the inertia space of X to be 

I G X = {(g,x) | gx — x} c G x X. 

Let X m = {(m,x) | mi = x} C IqX. In particular, X 1 = X. The inertia space has an action of 
the group G via h ■ (g,x) — (hgh ,x). We may then define the double inertia space by 

I 2 G X = {{g x , g 2 , x) \giX = x,i= 1, 2} c G 2 x X. 

Definition 2.2. Let /.i : IqX — > IqX be the composition map n(gi,g2,%) — (gig2,x), and let 
&i : IqX — > IqX for i — 1,2 be the evaluation maps Ci(gi,g2,x) = (gi,x). 

An inertial product will be defined on Kq(IqX) and j4q(/gA) associated to an inertial pair 
[5], where ^ is a G-equivariant vector bundle on I^X and is a non- negative class in 
Kq(IqX)q, as we will briefly review below. In a special case of inertial pairs associated to vector 
bundles, we will obtain the virtual orbifold product, which will be the focus of the remaining sections 
of this paper. 

Definition 2.3. For x, y € Kq(IqX), define the inertial product on Kq(IqX) by 

x*$gy = (i*(el(x)-el(y)-eu(M)), (2) 

where eu(^) is the Euler class of Recall that in K-theory, the Euler class is A_i(^*) and 
in Chow or cohomology is the top Chern class. The same formula gives the inertial product on 
A* G (I G X), and on H* G {I G X), 

The compatibility condition on 5? giving an inertial pair is the identity 

<% = e * 1 (<y) + e* 2 (y)-[i*(y) + T^ 

where T M is the relative tangent bundle. We refer the reader to [5] §3 for additional details concerning 
the definition of an inertial pair. 

Proposition 2.4 ([1],§3). If 5^) is an inertial pair, then the associated inertial product *gg on 
Kq(IqX) is commutative and associative with identity lx G K G (X). Further, K G (X) C Kq(IqX) 
is a subring where the inertial product reduces to the ordinary product on equivariant K-theory. 

The same result holds for Chow and cohomology. Furthermore, there is an inertial Chern char- 
acter map that gives a homomorphism between the inertial K-theory and inertial Chow rings. 

Proposition 2.5 ( 5], Prop 3.8). If is an inertial pair, then the inertial Chern character 

§ft : Kq{I g X) q — > A g (IqX) q , 

given by 

Vh(V) = Ch(V) ■ Td(-J^), 
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where Ch(V) is the ordinary Chern character of V , Td(V) is the Todd class, and ■ is the ordi- 
nary product, is a homomorphism of rings with respect to the inertial products on Kq{IqX) and 
A G {I G X) (or H G {I G X)). 

The class 5f is also used to define a new grading on the inertial Chow and K-theory. 

Definition 2.6. The oS^-age of a connected component [U/G] of IqX is defined to be &ge^(U) = 
rk(y\u)- For an element & £ Kg(IgX) supported on U, its ^-degree is 

deg^ & = age^>(C/) mod Z, 

giving a Q/Z-grading on Kg(IgX). The ^-grading of an element x £ A g (IgX) is the rational 
number 

deg^ x\u = degx|c/ + age^(?7), 
which gives a Q-grading on Chow. For a class in cohomology, x G H g (IgX), the ^-grading is the 
rational number 

deg^cclt/ = degx\u + 2age J ?(£/). 

Denote by A G (IgX) the subspace of A g {IgX) of elements of ^-degree q G Q 1 , where I is the 
number of of connected components of 1SK . The restriction of the inertial Chern character to 

A g \IqX), denoted c $i , is the inertial rank for 5? . 

Proposition 3.11 in [5] states that the inertial Chern character homomorphism preserves the 
,5^-degree modulo Z. 

With respect to the usual product on K-theory, have the following definition. 

Definition 2.7. Let Y be a manifold, and G a closed algebraic group. The augmentation homo- 
morphism on equivariant K-theory e : Kg(Y) —¥ Kq(Y) is given by 

where [U/G] is a connected component of [Y/G]. If J? is a vector bundle on U, then Ch°(jF|(7) is 
the rank of & on U. The kernel of e, ay, is called the augmentation ideal. 

Definition 2.8. The completion of the ring Kg(Y) with respect to the augmentation ideal is called 
the augmentation completion, Kg{Y)q. 

Definition 2.9. An inertial augmentation homomorphism is 7: Kg(IgX) — > Kg(IgX), given by 

where U is as above. We call (Kg(IgX), *, 1, e) the augmented inertial ring. 

~o 

Remark 2.10. By the definition of ¥ih , we have that 

[ 0, otherwise 

The augmented inertial ring above has compatible Adams operations, as shown in [5J. 

Definition 2.11. Let R be a commutative, unital ring together with a collection of ring homomor- 
phisms t/> n : R — > R for all n > 1. R is called a V'-ring if for all x G R and for all n > 1, 

(1) ^{x) = x 

(2) V"O m (aO) = i> nm (x) 
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The homomorphisms tp n are called Adams (or power) operations. 

We will also need to consider ^-rings with an augmentation. 
Definition 2.12. If (R, ■, 1, e) is an augmented ring, then (R, ■, 1, ip, e) is an augmented V'-ring if 

e(ip k (J?))=iP k (e(J?))=e(J?), (3) 

for all k > 1. Set V° = e. 

Recall that ordinary equivariant K-theory Kq(X) is a ip-i'mg whose Adams operations ip k : 
Kg{X) — > Kg{X) are defined though the A-ring structure of Kg{X). That is, for all i > 0, define 
maps A 4 : Kq{X) — > Kg(X) by demanding that for any G-equivariant vector bundle V, X l ([V}) :— 
[A Z V], the class of the i-th exterior power of V, and also by demanding that the series At := 
J2 t>Q t l X l : K G (X) -> K G {X)[[i\] satisfy the multiplicativity relation A t (^i +^2) = A t (^i)A t (^ 2 ) 
for all J^i,J^2 in Kq(X). These A-operations make Kg{X) into a so-called A-ring. The Adams 
operations are defined through the equality of power series 

At(^) - exp ^(-l)»-i^V(^)j • (4) 

In the special case where Jzf is the class of a line bundle, it follows that 

^ k (3!)=%!® k . (5) 

If an element & in .?Qj(A) is the class of a rank n vector bundle then At(j?) is a degree n 
polynomial in t and A™(^) is an invertible element of Kq(X). An element & in Kg{X) which 
satisfies these properties is said to be a X-positive element of rank n. Although a rank n A-positive 
element & need not be the class of a rank n vector bundle, in general, they do share many of the 
properties of vector bundles, e.g. they possess an Euler class in K-theory, Chow and cohomology. 

We will now define the inertial Adams operations. We begin by introducing Bott classes. 

Definition 2.13. Let Y be a manifold, and let be an equivariant line bundle in Kg(Y). For 
each j > 1, the j-th Bott class of jSf is 

1 — 9^ 

F(^f) = T -— = ^^. (6) 

i=0 

The splitting principle is used to extend this definition to any equivariant vector bundle in Kg (Y) . 
The result is a multiplicative class, where for any vector bundles &\ and J^2, 

6 j {&i+&2) = 6 j {& l )6 j {&2). 

Definition 2.14. If 5? can be represented by a vector bundle, then the inertial pair is called 
strongly Gorenstein. 

Definition 2.15. Suppose the inertial pair (^,^) is strongly Gorenstein. Then for all fc > 1, the 

inertial Adams operations ip k '■ Kg(Ig-X) —> Kg(IgX) are given by 

^ fe (j?) = ^ k {,^) -e k (y*), (7) 

where • is the usual product on Kg{IgX). 

We are motivated by equation ([5|) to introduce the following analog of classes of line bundles in 
ordinary equivariant K-theory. 
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Definition 2.16. An invertible element Jz? in the inertial K-theory ring Kg(IgX) satisfying equa- 
tion (J), 

for all k > 1 is called an inertial line element. 

Notice that after tensoring with Q, an inertial line element in Kg{IgX)q is nothing more than 
a A-positive element of rank 1 with respect to the inertial A-ring structure At : Kg{IqX)q —¥ 
Kg(IgX)q, where A t := J2 i>Q t l X l is defined from the inertial Adams operations %j) k through 

Equation ^ but where tp n is replaced by ij) n , A t is replaced by A t , and all products are understood 
to be the inertial product. 

Theorem 2.17 (|BJ, Theorem 5.16). Let G be a diagonalizable group and let (M,^) be a strongly 
Gorenstein inertial pair on IqX. The ring (Kg(IgX), l,e*,^) is an augmented i\j-ring. 

The virtual orbifold product was defined in [5], and in [3] was shown to arise from a particular 
inertial pair. 

Definition 2.18. The tangent bundle of X gives an equivariant bundle T 6 Kg{X) on X. Denote 
by Tlj^jf the pullback of T to t^X via the projection map from I G X to X. Further, let Ti a x be 
the tangent bundle of ISC and Tp x be the tangent bundle of I 2 3£ '. The virtual obstruction class 
St = T mrt £ K G {I G X) is defined by 

%x + T%x - e\T lGX - e* 2 T IaX . (8) 
Definition 2.19. Let N be the normal bundle of the projection IqX — > X 

Proposition 2.20 ([5], Proposition 4.3.2). The pair {^f vlrt ) N) is a strongly Gorenstein inertial 
pair. 

Corollary 2.21 ([5 , Corollary 4.3.4). The virtual orbifold Chow ring from [S] is isomorphic as a 
ring to the inertial Chow ring associated to the inertial pair (f vlrt 1 N) . 

Definition 2.22. For the virtual K-theory above, we will call ip k virtual Adams operations and e 
the virtual augmentation. 

In [6j, a variant of the hyper-Kahler resolution conjecture was introduced for inertial K-theory. 
Let 3E = [X/G] be an orbifold where G is diagonalizable, and let Z be a hyper-Kahler resolution 
of T* X . There is an isomorphism between K{I3£)c with the virtual orbifold product and K(Z)c 
with the usual product. 

3. Virtual K-theory of P(l,n) 

The statements and results in this section are a synopsis of the results from §7 of [6j. Let 
X = C 2 — {(0, 0)} have an action of the group C* given by A • (zi, z 2 ) = (Azi, A"^), for a positive 
integer n > 2. Then the quotient space [X/C*] is the global quotient orbifold P(l,n). As a vector 
space, the virtual orbifold K-theory is given by the equivariant K-theory of the inertia manifold 
IqX — U^jIq X m , the disjoint union of the fixed point set of X under the action of an element 
of the group Z/nZ = {0, . . . ,n — 1} using additive notation. We view Z/nZ as a subgroup of C* 
under the identification m H> £ m , for £ = exp{2 / ni/n). With respect to the usual product, when 
m = 1, this gives the ring 

. „. Zf^ 1 ! 
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and when m G { 1 , . . . , n — 1 } , 



K G (X m ) = 



(aft ~ 1) ' 

Denote the identities in each ring above by l m where m G {0, ... ,n — 1}. Equation (jSJ gives the 
formula for & and ,S^ m := 5f\x m = x m , so the virtual multiplication in this case can be written as 

x m 1 * x m 2 = X m 1 +m 2 ' eu (^i"i + ^m 2 ~ ^mi+Wa)) (9) 

where the Euler class is 

{1 if either m\ = or 7712 = 0, 

lmi+m s - 2 x m\+m 2 + X m x +m 2 if m l + m 2 = 71 > m l ¥= and TO 2 ^ 0, 
l mi +m 2 - ^m 1 1+m2 otherwise. 

The virtual augmentation is given by eHxg) = lo and e(x^ n ) — for rn G {1, . . . , n — 1}. For the 
definition of the virtual Adams operations, see equation ([7]). Here, the Bott classes are given by 

i=0 

In Proposition 7.22 of [6 , Edidin, Jarvis, and Kimura prove that a subring of the inertial K- 
theory of P(l,2) and P(l,3) is isomorphic to the ordinary K-theory of a toric crepant resolution 
of the cotangent bundle of P(l,2) and P(l,3), respectively. The cotangent bundle to P(l,n) is 
the quotient stack [(X x A 1 )/C*] where the action of C* has weights (1, n, — (n + 1)). There is a 
simplicial fan associated to this quotient, and a subdivision of this fan determines the toric crepant 
resolution of the cotangent bundle. See [B] §7.3 for more details. This resolution has ordinary 
K-theory 

[ n> (eu(xo),...,eu( X „-i)> 2 «Xo - 1), • • ■ , (Xn-i - W ' 1 ' 

4. Localization 

Henceforth, we will assume complex coefficients unless otherwise stated. Edidin and Graham [3] 
proved the following proposition. 

Proposition 4.1. Let G be an algebraic group that acts on an algebraic space Y with finite stabi- 
lizers. Then, the localization maps give a direct sum decomposition 

T:K G (Y)^($K G (Y) m ^ 

i 

In the case of P(l,n), we take Y — IgX, and the maximal ideals ttij C R(G) = C[x ±1 ], for 
i G Z/nZ, are the maximal ideals of characters vanishing on £ l . Thus, mo = (x — 1) and rrii = (x — ( l ) 
where £ = exp{2iri / n) . We define 

n-l 

/c = 0/c n 

1=0 

where the summands ICi are the localizations above 

AC, =K G (IX) mr 

Define generators of the direct sum decomposition of localizations by 

x m i := T(x m )\K G (x^) m ■ 
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The result is a decomposition as a vector space of the K-theory of P(l, n), as in the diagram below. 



<(a:o-lo)(atf-lo)> 



r 




** 








C[x 


00 J 


loo 


t 

C[x 


01 J 


loi 



e 



e 



e 



(atf-li) 

r 

J 10 J 



C[ 



/io 

e 

.±ll 



e 



e 



e 



e 



e 



e 



e 



C[i 



,±1 



K-l-l«-l> 

r 



C[x 



±x 1 

(n-l)O' 
f(n-l)0 



C[x 



(71-1)1 J 



J(n-l)l 

e 



C[x 



e 

0(ti-1)J 



'O(n-l) 



e 



e 

^l(n-l) 



e 



e 



Qx 



e 

±x i 

(n — l)(w — 1)J 
f(n-l)(n-l) 



where 7 m j = {x ml - ( l l m i) for all m and Z, except for 7 o = ((x o - loo) 2 }- 

Proposition 4.2. The rows in JC are the localizations JCi for I — 0, ...,n— 1, and f/ie inverse 
images of the generators of JC are 



r-^ioo) 
r-^xoo) 

r-^ioO 



1 T™ 

((l-n)x + (l + n))/- 
2n xo 

1 T™ 

_((3- n)^ + (n-l))-2- 
in xq 



c 



n{C - 1, 
^ x m £ 



i „n _ -i 

c i \ 1 

for rn ^ 0, 



for Z ^ 



(11) 
(12) 

(13) 

(14) 



where all products above are with respect to the ordinary product on K'g(7P(1, n))c wii/i complex 
coefficients, and where we regard U U S^ = Y\i^ii u ~ O- 

Proof. We now calculate the map on the generators of the decomposition. Consider the element 
loo- If r(/) = loo, then /(xo) = p(x )(x — l)(x l — 1) + q(xo), where p and q are polynomials, 
and the degree of q is at most n. The localization maps give that / = mod (xo — C )j where 
I 0. Thus, q(x ) = (ax + b) Y\i^oi x o — ( l ) = ( ax o + &) ^°Zi , where a, 6 e C. We also have that 
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/ = 1 mod (x — l) 2 , or equivalently, /(l) = 1 and /'(l) = 0. Hence, we have 

r™ — 1 

/(l) = lim (ax + = n(a + 6) 

2=0^1 — 1 



Similarly, 



- = a + b. 

n 

/' 1 = hm i ^ -f a.x + 6 + - 

n(n — 1) . n(n + 1) n(n — 1) , 

= — — - — 4a + b) + na = — — - — '-a + — — '-b. 

Combining these two expressions, we obtain 

1 — n 1 + n 

a =^ — o=— — . 

2n 2n 

The inverse of loo can then be written as 

1 T n — 1 

r-^loo) = ^-((1 - n)x + (1 + n))-5— - . 

in — 1 

The computation for x o is similar to that for l o- The only difference is now we require that 
/' (1) = 1 instead of 0. This gives 

_ n(n+l) n(n-l) ^ 
i_ 2 + 2 

Solving for a and 6 now gives 

3 — n , n — 1 
a =^ — o=— — . 

2n 2n 

Therefore, we obtain an expression for the inverse of xoo given by 

1 r n — 1 

r-^oo) = ^-((3 - n)x + (n - 1))^— r. 

Now consider the element l j, where / ^ 0. As before, we assume 1 ; = r(/(a;o)) = p(xo)(xo — 

1)(xq — l)+g(x ) where the degree of g is at most n. As 1 ; G (xo}-l' l i i) ' we nave / = 0mod(x — ( k ) 
for k ^ Z. This allows us to write 

— 1 

for a polynomial r of degree at most one. Note that / = mod (aj — l) 2 , so r(x ) = a(x a — 1) for 
some constant a. We also have / = 1 mod — So we have 

/(C')= lim a (a:o - l)^ 2 —^ = hm a(x - 1)— ?— = c*(C* - 
And therefore, 



a = 



n(C'-l)" 

We now have a description of the inverse of 1 ; 

r-Hioi) = -77r-^(3o-i) BL 4 

n(C - 1) - C 
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The last generators are l m i where m is nonzero. In this case, l m i = Y(f(x rn )) = p(x m )(x m — 1)- 

{x m i-C'l m l)> 



q(x m ) where the degree of q is at most n — 1. Since l m i G -, — -^rr — r, we have / = mod (x — C, k ) 



for k ^= I. Therefore, 

-i—r x n — 1 

g(x m ) = a JJ(x m - C* 1 ) = « " 

where a is a constant. Furthermore, / = 1 mod (a; — £ ), so we can solve for a 
f(( l ) = lim a-H r = lim a— = an^ 1 ■ 

x m ^C l X m ~ C x m -+C 1 

We then get 

c l 

a = — . 

n 

The inverse of l m i is given by 

\ _ S x m 1 
1 (i-ml) — — ' T7- 



□ 



5. The virtual product on the localization 



In the previous section, we constructed an inverse to the localization maps. Using the vector 
space isomorphism T, and the virtual product on P(l, n) as given in equation (|9|), a virtual product 
can be constructed on the localization KL = @™ =0 /Q. 

Proposition 5.1. The virtual product on K, is given by linearly extending the virtual multiplications 
on the generators of /C below. 

100 * loo = loo loo * £00 = £00 

loo * ImO = ImO, if TO ^ X 00 * £(30 = 2a; 00 ~ loo 

£00 * l m o = ImO) if to 7^ l mi0 * l TO2 o = 

101 * lmi = lmi ^00 * lmi =0, if I ^ 
lmii * lm 2 ! = (1 - C~ l )l(mi+ma)h if m l + m 2 ^ n, m 1 ,m 2 ^0 

lmi/ * lm 2 ; = (1 - C') 2 loi, if mi + m 2 = n, toi, m 2 ^ 

Imid * lm 2 ; 2 = 0> i 1 h 7^ ^2 

Proof. We use the definition of virtual multiplication in equation ([§]) to multiply the inverse of 
elements in /C, and then apply Y to obtain a multiplication in /C. 

r-^loo) * r-^loo) = T^((l - nK + 2x^ + ■ ■ ■ + 2x + (1 + n)) * ((1 - n)aff + 2x^ 1 
4n z 

H h2x + (l + n)) 

n — 1 

= —((1 - 2n + n 2 )x 2 " + £(4(1 - n) + 4(fc - I))**""* 

fc=i 



ra-l 

+ (2(1 - n 2 ) + 4(n - l))x% + £(4(1 + n) + 4(n - fc - l)K _fc + (1 + 2ra + n 2 )) 

fe=i 
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= — ((1 -2n + n 2 )x 2 " + £(4fc - 4n)(atf + x^ k 1) 



4n 2 

fe=i 



n-l 



+ (2(1 - n 2 ) + 4(n - l))a# + ^(8n - 4fc)a#- fc + (1 + 2n + n 2 )) 

fe=i 

1 n— 1 

^-2 ((-2n 2 + 2n)x™ + ^ 4n^- fe + (2n 2 + 2n)) 

k—1 

n—1 

-((l-nK + ^2^- fe + (l + n)) 
fe=i 

r-^ioo). 



Taking T of both sides of the equation above gives the multiplication 

loo * loo = loo- 

r-^loo) * T-^oo) = ^((1 - n)x% + 2x^ + • ■ • + 2x + (1 + n)) * ((3 - n)x% + 2x n ^ x 



+ ■ ■ ■ + 2x + {n - 1)) 



n-l 



1 " * 

= ^2 ((3 - 4n + n 2 )a; 2 ™ + J^(4 - 4n + 4fc).T 2 "-' £ + (-2n 2 + 8n - 2)x£ 

fe=i 

n-l 

+ ^(8n - 4 - 4/c)a; l - fe + (n 2 - 1)) 
fe=i 

n—1 

= ((3 - 4n + n 2 )x 2n + ]T(4 - 4n + 4fc)(x l + afl"* - 1) + (-2n 2 + 8n 
U k=i 

n-l 

+ ^(8n - 4 - 4fc)x"- fe + (n 2 - 1)) 
fe=i 

n—1 

= ^2 (((6 - 8n + 2n 2 ) + J^(4 - 4n - 4fc) + (-2n 2 + 8n - 2))x l 

fc=l 

n—1 n—1 

+ ^(4n)x"- fe + (-(3 - 4n + n 2 ) - ^(4 - An - 4fc) + (n 2 - 1))) 
fe=l k=l 

= ^((-2n 2 + 6r»K + |>n)x l - fe + (2n 2 - 2n)) 



fe=i 

= ^-((3 - njatf + 2.x™- 1 + • • • + 2x + (n - 1)) 
2n 

= r- 1 (.T 00 ). 

This gives the multiplication 

loo * ^oo = ^oo- 
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r-^loo) * r-^l^o) = ((1 - n)x% + 2x^ 



■ ■ + 2x Q + (1 + n)) * (x n m 1 + • • • + x m + 1) 

^ it. n 



fc=i 



fc=i 



n n 

^(£(2^ - n - lKr fe + E( 3 " - 2fc + k ) 



k=l 



k=l 



n 



= -(a;™- 1 + --- + a; m + l) 



r (lmo)- 



Thus, we have 



loo * lmo — ImO- 



T-^xoo) * T-\x w ) = ^ ((3 - n)x l + 2x^ + • • • + 2x Q + (n - 1)) * ((3 - n)a# + 2xq~^~ 



+ --- + 2x + (n-l)) 



n-l 



^((9 - 6n + n 2 )^" + £(4(3 - n) + 4(fc + l))a£ 



2n-fc 



fc=l 



n-l 



+ (2(-n 2 + 4n - 3) + 4(n - l))a# + £(4(n - 1) +4(n - 1 - fc))*o~ fc 

fe=i 

+ (n 2 -2n + l)) 

^ n— 1 

= 7^2 (( 9 - 6 " + " 2 )( 2a; o - 1) + E( 4 ( fc + 2 ) - 4n )( a; o + - 1) 



fc=i 



+ (-2n 2 + 12n - 10)a# + £( 8n - 8 - Ak)x^ k + (n 2 -2n + 1)) 



fe=i 

n-l 



= ^(("2n 2 + 10nK + £ 4na#- fc + (2n 2 - 6n)) 



fe=i 



Therefore, 

and more generally, 



= —((5 - n)a# + 2x"- J + • • • + 2x Q + (n - 3)) 

= 2r- 1 (xoo)-r- 1 (i 00 ). 

£oo * ^oo = 2x Q0 - 1 00 . 
x„ = fcrroo - (fc - l)loo- 



r-^xoo) * r-^Uo) = ^((3 - n)a# + 2X0 1 - 1 + • • • + 2x + (n - 1)) * (aft" 1 + • • • + x m + 1) 
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1 n n 

= 2^GC« 3 - n ) + 2 ( k l )) x ™~ k + EW" -k) + (n- l))C" fc ) 
k=l k=l 
1 n n 

= ^£> fc + 1 - n ^ k + £( 3n - 2k 1 )^" fe ) 



*;=! fe=i 



n 



= r- 1 (i m0 ) 

This calculation shows that 
Suppose that mi + m 2 ^ n. 



^00 * ImO — ImO- 



r '(imio) * r \i m2 o) = ^(^"u 1 + • • • + v + 1) * (xlZ 1 + ■■■ + x m2 + 1) 



~2 kx mi+m2 (1 — a; mi + TO2 ) + — ^mi+nij (1 — x m 1 +m 2 ) 

k=l fe=l 
^ n n— 1 

^(E/ k( x m 1 +m 2 ~ X m 1 +m 2 ) + E/ ( n — ^X^mi+rr^ — X m 1 +m 2 )) 
k=l fe=l 
^ n n — 1 

^2 (E ^( X mi+m 2 ~ ^mi+rnj + £( n — ^)( X mi+m 2 — ^mi+mj)) 
k=l fe=l 

1 " 

/\ ^ / n — k n — fc— 1 \\ 

2^Zj nil+mi X mi+m 2 // 



n 

fc=l 

= 0. 

This identity gives 

lmxO * lm 2 o = 0, if mi + m 2 / n. 
Now suppose that mj + m 2 = n, then 

r _1 (i mi0 ) * r-^i^o) = -^OCT 1 + • • • + x mi + 1) * OC; 1 + • • • + .x„ l2 + 1) 



= 4(£ A^"-*- 1 ^- 2 - 2a£" 1 + atf ) + Y> - fc)^-' 5 - 1 ^- 2 - 2x n ~ 1 + <)) 

72 k=l k = l 

1 n n— 1 

= 4(E M*o n ~ fe ~ 3 - 2^"- fc - 2 + xg"-^ 1 ) + YJ(n - A^o""^ 3 - 2z 2 "- fe - 2 + x 2 ^- 1 )) 

71 k=l k=l 
n n — 1 

= — (YJ fc(x^ fe - 3 - 2^- fe - 2 + arj-*" 1 ) + YJ(n - fc) W*" 3 - 2x^ k - 2 + atf"*" 1 )) 



k=l fe=l 
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1 " 

= -(EW" 3 - 2a; o" fe " 2 + a; o" fe " 1 )) 

fe=l 

= 0. 

Here, the fourth equality uses the relations ir 2 ,™ - * = x% + x r ^ k - 1 and x z ^~ k = 2x% + x^~ k - 2 
for < k < n. The conclusion is that the elements l m0 are nilpotent, i.e. 

lmiO * lm 2 o = 0, if mi + m 2 = n. 

This concludes the calculation of the virtual product on /Co- 

We will calculate the virtual product on /Q similarly. Henceforth, assume that I ^ 0. First, 
suppose that mi + m 2 7^ n. 

r-^i^o * r-^i^,) = ^(C^" 1 ^™; 1 + • • • + + 1) * (C^" 1 ^ 1 + • • • + C l x m2 + 1) 

n n— 1 

— _CV^ U/—l(? n -k-\) 1n-k-\i-\ _ n-l \ , Y^C^ _ M/— J(n-fc-l) n-fe-1 (i _ n-1 \\ 

— ^2 *>Z_^ ^ x mi+m 2 y L • L m 1 +m 2 > ^ Z_^\ n x m 1 +m 2 \ L J, mi+m 2 i) 

fe=l fe=l 
n 71—1 

— _CV^ ^-'(2"-fe-l) C r 2n-fc-l _ 3n-fe-2N , V^/ _ . x.-/(„-fc-l) / n-fe-1 _ 2«-fe-2^ 

fe=l fc=l 
n n-l 

— — CV^ i. ( A ~'( n ~ fc ~ 1 VT™~ fe ~ 1 - r ™~ fe ~ 2 1 4- Y^frj - k\(f~ ( n-k-1 _ n-fc-2 u 
_ n 2\Z-~/ ^ \ Jy m 1 +m 2 ■ L mi+rn2) ^ Z_^y L 'VvS ^mi+mj x mi+m 2 77 

fe=l fe=l 
j_ ^-i(n-fc-l)/ n-fc-1 _ -.n-fc-2 \ 
" fc=l 

_ 1 V^/*-J( n -fc-l) _ r -l{n-k-2)\ n-fe-1 

— ^ J x mi+7n 2 
fe=l 

1 " 



-i(n— fc— 1) ~,n— fc— 1 
mi+nij 



fe=l 

(i - c _ )r _1 (i mi+ „ l20 ). 



Thus, we obtain 



Imii * lm 2 ! — (1 C )lmi+m 2 I- 

Now suppose that mi + m 2 = n, then 

r- 1 ^) * r-^w) - _L (c -k— 1)^-1 + . . . + r ^ mi + 1} „ (c -i ( n-i )a .n_i + . . . + c -i a . ma + 1} 



= 4 (E fcC- ,(2n - fc - 1) a:S n - fc - 1 K- 2 - + *o)+ 

n fe=i 

71-1 

+ J> - fc)C -«(«-fc-l)^-fc-l ( ^-2 _ 2a .„-l + x n )} 
fc=l 

= 4(E kC K2n - k - 1) (x 3 o n - k - 3 - 2x 3 n - k - 2 + xl n - k - 1 ) + 
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k=i 

n 

= fcC" i( "" fe_1) (a;o" fe " 3 - 2x^ k - 2 + x^ k - 1 )+ 

n k=i 

n-1 

+ J2( n - k)C l(n ~ k ~ 1] (xq ~ fc ~ 3 - 2x^ k - 2 + x^ 1 )) 

k=i 
1 n 

= — £-2(n-fc-l) ^.n-k-3 — 2xQ~ k ~ 2 + XQ~ k ~ 1 ) 
U k=l 
1 " 

_ j_ V^^-J(n-fc-3) _ 2£- J(n-fc-2) _|_ £-2(ri-fc-l) -j^n-fc-l 
n fe=l 

= I(i-c-') 2 ^c-'(«- fe - 1 )x^- fc - 1 

n fc=l 

= (i-r') 2 r- 1 (io/)- 

Taking T of both sides of the equation gives 

lmii * lm 2 i = (1 - C _ ') 2 lo;- 

Suppose that m ^ 0, then 

r-^ioO * r-^i^) = -i— (c-'^-^ag + (c l(n - 2) - C^K" 1 

+ • • • + (i - r ( ) - 1) * (r'^-^c -1 + • • • + r^ ro + 1) 
= ^rrry E^c-'^-*-^ - (* - i)c ,(n - fc) )*2r fc + 

+ J^((n - fc)C"' ( "" fe " 1) - (n - k + l)r' ( "" fe) )x"- fe ) 
fe=i 



_ 1 S^(f-Hn-k-l) _ r -l(n-k)\ n-k 

~ n(C l - 1) ^ ^ ' m 

n 
fc=l 

= r- 1 (i m/ )- 



l{n—k) n — k 



This calculation shows that 

1(M * 1ml = ^ml- 

Combining the previous three identities and using associativity of virtual multiplication, we also 
have 
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Suppose li 7^ Z 2 , let 77 = l\ — h, and without loss of generality, take mi = 1 = m 2 . Consider the 
product 

x? - 1 xV, - 1 



(rIl (n-l )a .n-l +... + !)„ ( C -h(n-l) a .n-l + . . . + 1} 
n fc— 1 

= 2 (2r ,itn " <) "' j(n "^ ) )^ B "*(i - ^r 1 ) 

fc=2 i=l 
n n — fc 

+ E ( E c h{n ~ k ~ l) ~ l2t )x2~ k (i - x?- 1 ) 

fc=l i=0 
n fc— 1 

= ^ i2(n-fc+i)^ [x^ k — aJ2 _fe_1 ) 

fc=2 »=1 
n n — fc 

+ E ( E C' l( "~ fc ~* M24 ) {*T k - 4~ fe_1 ) 

fc=l i=0 
n fc— 1 

= E(E^ +fci2 ) (a;rfe - a; 2" fe " 1 ) 

fc=2 i=l 
n n 

+E(E^ +fc ' 2 )(^r fc -4^ 1 ) 

fc— 1 i— k 

= 0, 

using the identity 1 + CP + • • • + £(™~ 1 )' 7 = 0, which holds since 17 =/= 0. As all of the inverse images of 
the generators of JC contain a factor of the form * m Z\i f° r some m and some I, we see that whenever 
h ± k, 

lmi/i * lm 2 l2 = 0- 

□ 

6. The virtual Adams operations on the localization 

The virtual K-theory ring has extra structure, given by the virtual Adams (or ip-) operations. 
As with the virtual product, we can use the isomorphism T to induce virtual Adams operations on 
the direct sum decomposition. Let d — gcd(fc,n) for all integers k > 1. 

Proposition 6.1. Given k > 1 and I = 0, . . .,n — 1, let the d solutions to the equivalence ky = 
I mod n be given by y — Sj, where i = 1, . . . , d, so that when I = 0, si = 0. The virtual Adams 
operations ip k : K — > K are given by 
d 

7/. fe (l oi ) = E l0 ^' Xd\hl¥>0 v fc (i OJ ) = o, Hd\l,l^0 



i=i 

d 



V fc (lm0 = Epi— T 1 — ifdU.m^O^Z V fc (l m ;) = 0, if dfi, m ^ ^ J 

i=i ^ 

d 

^(l m o) = fcl m0 , ifm^O V fe (loo) = E 1 o^ 
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ip k (xoo) = kx 00 - (k - l)loo + lo. 



'Si • 

1 = 2 



Proof. Suppose I ^ and m ^ 0, and recall the expression for the inverse of 1 TO / in equation ([T 
Let 

h{x m ) = ^ k {T-\l ml )) 

= ^ k (T- 1 (i ml ))e k (x- 1 ) 

f-l kn _ i 

where the degree of g is at most n — 1. Suppose that d does not divide I, then there are no solutions 
to the equivalence ky = I mod n. Therefore, h(( v ) — for all < y < n — 1. But the degree of g is 
at most n — 1, so we must have g{x m ) = 0. In this case, we have 

^\lml) =0. 

Now consider the case where d divides I. If y does not satisfy the equivalence ky = I mod n, then 
h(( v ) = 0, so we can write 

g{x m )=p{x m ) Yl i x m-C v ) 

ky^l mod n 

Let Sj, for 1 < i < d, be the solutions to the above equivalence, then 

&(C") = lim i- • -f— • (1 + x- 1 + ■■■ + x- k+1 ) 

fl kn _ i — k _ i 

= Um a - ■ k — 

H kn'r kn ^ 1 — 1 

* m ^C s * n fa„ _1 % - 1 

_ C' MC Si ) fc,l_1 (C Sl ) _fc -! 
- — ' fc(^)fe-i ' (^)-i _ i 

_ r'-i 



On the other hand, 



9 (C Si )= lim TT (x m -C) 

ky^l mod n 

T n - 1 

lim p(x m )- 



= ^ p(Xm) j:; =1 nt^m-c'0 
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We can then solve for p(( s 



n^(c si -c s *)' 



fK"') = ^IlK*'-C")F^- 



Thus, we have an expression for the virtual Adams operations. 

' c--i, 



Suppose Z ^ 0, and recall equation (fil}|) for r _1 (l /). Set 

/i(x ) = f fe (r- 1 (lo;)) 

= V fe (r- 1 (ioO) 



n(C'-l) v ~ u 
= /(x )(i - l)Oo - 1) + ffOo), 

where the degree of g is at most n. As before, if d does not divide Z, then Zcy = Z mod n has no 
solutions. Then every Q 1 is a root of g, and 1 is a double root. This contradicts the degree condition 
of g, so we must have g(xo) — 0, and 

#*(loi)=0. 

Assume that d divides Z, so that ky = Z mod n has d solutions, denoted as above. If y is not a 
solution, then Zi^) = 0. In particular, we have h(l) = = Zi'(l). We can then write 

g(x ) =p(x )(x - 1) [J (z -< a )- 

ky^l mod n 

Now assume that Sj is a solution. 

H kn _ i 

h(C*)= lim — ^— .(xo'-l)^ 
= l im f it • (^o ~ 



fc-i 



c< (ri)fc _ 1) fc "(c St ) fcn - 1 



fc-1 



(c-i)- 



1. 
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On the other hand, 



g(C*) = Hm p(x )(x -l) J I (x -C v ) 

ky^El mod n 



x ->C 

lim p(x )(x - 1) 

xo-K s * 



T n — 1 
Xq 1 



(x -C sl )--(^o-C s<i ) 



-n-1 



lim p(x )(x - I)— j 



p(C s< )(C-i) 



Ei=in^-N-c st ) 



Since 
we obtain 

and thus, 

We can then conclude that 



i = p(.C*)(C* i) 



MC s ') = s(C Sl ), 



- 1) 



</> fc (l z) =^lo, 4 . 
Equation (fH| gives r _1 (l m o) for m 7^ 0. Define 

= TP k (r- 1 (i m0 ))e k (x- 1 ) 

1 fcn _ 1 —k _ 1 
= /(ZmX^m - 1) + .g(x m ). 

for g with degree at most n — 1. If y is not a solution to ky = mod n, then /i^) = so that 

g(x m ) = p(x m ) Yl ( x o ~ C y )- 

ky^O mod n 

Further, if Si ^ is a solution to the equivalence, then ((( v ) ~ k — l)/((C a ) _1 — 1) = 0j so we have 

g(x m ) =p(x m ) Y[(x - C y ) = p(%m) m _ 1 > 

for some polynomial p(x m ). When y = 0, 

1 , r kn _ 1 — fe _ 1 

h(l)= lim 



lim 



fc-1 
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Evaluating g at 1 gives 



Therefore, we have g(x m ) = — 



1 fen — fc 
n fc —1 
fc. 



,g(l)= lim p> m )^i_- 

= lim p{x m ) nX ™ 
1 

l m0 , and so 

r(lmo) = fclmO- 



The polynomial defining T 1 (loo) is given by equation (fTTj) . The Adams operations are 

h{x ) = ^ k {T- 1 (l m )) 

= V/(r- 1 (i 00 )) 



2n"-~ "' " ' " ' "" - 1 
= f(x )(x -l)(x l -l)+g(x ). 

where g is a polynomial of degree at most n. As above, if y is not a solution to fcy = mod n, then 
h(( v ) = 0, and we can write 

1 



g(xo) = p(x ) Yl ( x o - C J ) = P(xo) 



ky^O mod n 



(x - C S1 ) • • • (xo - C Sd ) 



Now suppose Si is a solution. 



l 



1 hnT kn ' X 

j % lS ((i-»K + + »))^ 



Evaluating g gives 



= 1. 



T 71 — 1 

xo-K«< (X - C 81 ) ' ■■ (XQ ~ C d ) 



lim pfxn) — j 
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Setting these expressions equal and solving for p(( Si ) yields 

Since it is possible for 1 to be a double root, we take derivatives and evaluate at 1. 
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J. J_(Y1 _r?W fe -4- i\ I T7l / X " l)fc^p" 1 (Xp n \)kx\ 
+ 2n ((l n)x + (l+n)) (*§-l) 2 

1 \ kfi 1 . N fcnfn — 1) 



= o. 

Recall that Si = in this case. 
g'(x ) =p'{x ) 



nti(^o-c s *) 

^o _1 nti(»o - e) - k - i)E;=iii^(*o - c st ) 



+ p(^o) 

r t™ — 1 
= lim p'0ro)-r-J — 



ntiK-c-) 2 



+ p(x ) 



n?=i(^o-c s *) 2 



nt 2 (i-c-) 



-[rra ^ ) i "^- 1 )n? = 2(i-c'o-2ns; =2 n^o,i(i-c'o 



So we have 



0=1/(1) 



rnua-c* 



+ 



I rrr (1 _ C s t) \ n ± l l nt 2 a - co - 2»s; =2 rwia - c s o 
J 2nt 2 a-c s ') 2 

d d 
= 2np'(l) + (n-l)n(l-C St )-2^ J] t 1 "^) 

t=2 j=2 t^j or 1 

5 'w=i( 2 E n (i-o-(«-i)n(i-c st )). 



j=2 t^j or 1 



t=2 
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Consider the sum 

d 

r( 3 :o)=X; r " 1 ( 1 c 

i=l 



r- 1 (ioo) + E r_1 (^) 



i=2 

1 -r™ _ 1 rf /'s; T n _ i 

- ^((1 - »)*o + (1 + n)P—± + E ,i J\ ( x ° ~ 1) - 59 -4' 
2n x - 1 n(C Sl - 1) x - C ' 

Notice that r(£ y ) agrees with the expression above for all values of y and has r'(l) = h'(l), so by 
taking L of each side, we obtain 

d 

Lastly, we consider the Adams operations on xoo- Recall that r _1 (xoo) is given in equation (|12l) . 
Let 

h{x )=i> k (T-\x 00 )) 
= ^ k (T- 1 {x m )) 

= —((3-n)x k +(n-l))^— 
2n Xq — 1 

= /(x )(x -i)K l -i) + 5 (x ). 

where the degree of g is at most n. When y is not a solution to fcy = mod n, then /i(C y ) = 0, so 
that 

x n — 1 

g(x )=p(x ) Y[ (xo - C v ) = P(xo) d ° — — — ■ 

fcy^O mod n 1 lt=l ' X ° — > 

Assume is a solution to the equivalence ky = mod n. 



-£«,-„) + (,,- !))»!£ 
= 1 

T™ — 1 



fc-i 



Ilt=i(»o-C 



//.);, 



-n-l 




lim p(xo) — j- 
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TlC i ~ Si 

= p(r) l~MC--c-)' 

Equating these two expressions and solving for p(( Si ) gives 

As in the case of l o, 1 may be a double root, so we take derivatives and evaluate to obtain 
h'(x ) = -(k(3-n)x k - 1 ) ° 



2n v v ' ' - 1 



fe-i 



t l|, i -,)4 t (»- 1 ) l ^"^'f-'^ 

*<i)-i«s-»,£ + i< a) i!*^ 
= fc. 

The same calculation as for l o holds for so we find that 

p'W = ^k + 2j2 LI (l-C St )-(n-l)fl(l-C St ))- 

j=2t^jorl i=2 

Consider the expression 

r(x ) = fcr- 1 ^) - (fc - ljr-^ioo) + ^i^si) 

i=2 

1 r" — 1 1 t™ — 1 

= fc ^« 3 - »>*° + (» - ^^-i + ( fc - ^ - »)»o + a + 

Since r(C !/ ) = ^(C s ) f° r an 2/: an d = h'(l), we must have r(x ) = h(x ). Taking T of both 

sides gives 

d 

4> k {xoo) = kx 00 - (k - l)loo + J! W 

□ 

It will be useful to renormalize the generators of Ki for Z ^ and to ^ to make the virtual 
multiplication and virtual Adams operations more concise. 

Definition 6.2. Let 

i - c 

for I ^ and m/0. When Z = 0, let l m0 = l m o for all m. Similarly, let loz = loz for all Z. 

With these generators, it is immediate that whenever Z ^ 0, the localization /Q is isomorphic as 
a ring to the group ring C[Z/nZ]. Since the group ring has a semisimple basis, we can construct a 
semsimple basis for /Q as follows. 
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Definition 6.3. For I ^ 0, set 

^ n— 1 

for g = 0, . . . , n — 1. Define Uq = x o — loo and u™ = l m o for ra/0. 
With these generators, the virtual multiplication becomes 

where 5 is the Kronecker delta. Note that the identity element 1 6 /C is 

n-l 

i = X> 

Given these generators with the virtual multiplication, K(P(1, n))c has the following presentation: 

cK,i o; ]"-i A- 

where the ideal / is generated by the polynomials below. 

UqUq u 1 u 1' ~ Su>5 qq 'Ui, if Z and I' are not both 

n— 1 n— 1 

^IcM-l J^uf-loj, if ^0 

(=0 <?=0 

loiloi' - <Wloi, for Z = 0, . . . ,n - 1 ufloi'-Swul, for Z = 0, . . . ,n - 1. 

Proposition 6.1 can be restated in terms of these new generators. 

Proposition 6.4. Mt/i respect to the generators on the localization, the virtual Adams opera- 
tions have the following forms for all k > 1 . 



ip k (u q Q ) = ku%, if q = 0, ...,n- 1 



Si=i u Ii > for all = 0, . . . , n — 1 if d | Z and Z ^ 



0, if d\l 



$ k (l) = 1. 



7. The virtual line elements 



Consider the augmented virtual K-ring (K(IF(1, n))c, *, l,ip k ,e) with C-linear extensions of il> k 
and 

Proposition 7.1. The group of virtual line elements, V , is isomorphic to (Z/nZ) n x C" via the 
isomorphism 

$ : (Z/nZ) n xC^P 

n— 1 n— 1 n— 1 

(/o, . . . , / n _ i; . . . , h+ 1 + ^ £(C". - + ^ 

g=o ;=i q=a 
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Proof. Every element in K(¥(l,n))c can be written as 

2,9=0 

We would like to find the virtual line elements with respect to these generators. Recall that the 
virtual line elements are determined by the equation 

with respect to the virtual multiplication and Adams operations, for all positive integers k. First, 
consider the case where a = 0, so that j£f = ^"0=0 fti u r Then if k = n, we have 

n-l 

^ (J2f) = ™« 

9=0 

and by the relations above, 

n — 1 n — 1 
(=1 9=0 

Thus, it is immediate that ftf = for all / and q, which contradicts the invertibility of ££ . Thus, 
we may assume that «/0. Write (3f = j3f /a and / = + r for some b and r, and d — gcd(k,n). 
In this case, 

n— 1 d p—1 

= «i + EE AH + E 

n—1 1 d— 1 n— 1 

- al + E E E mod „«? + E 

<jr=0 r=0 6=0 9=0 

for values of k ^ mod n. If k = mod n, then 

n-l 

^(y) = «l + ^/3W. 



9=0 



On the other hand, 



k 



i q u q 



J? k = (al + J2 Pi »i 

l,q=0 

71—1 71—1 71-— 1 

= « fc (i+EE«+E« 

1=1 q=0 q=0 
n— 1 n— 1 n—1 

= « fc ( 1 + EE(( 1 +^) fe -iK + fcE^o 

1=1 9=0 9=0 

In order for equation (J7J to be satisfied, the following three conditions must hold 

+ ~PD k - 1) = mod „, « fe ^ = ^o 9 - 
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Since these equations must hold for all positive integers k, the first condition implies that a = 1. 
Thus, the second and third conditions reduce to 

{l + Pl) k 



1 



B q 

l J rk 



rk mod n ' 

The third condition is satisfied for any choice of (3q £ C. If r = 1 and k = n, then the second 
equation states that 



b/d+lJ 
l-'nb/d+l 



= 

= C^ 5 



for some / g = 0, . . . , n — 1. Further, each is determined by /3^ b / d+1 as follows: 



(1+^6 



1=# 



Therefore, a general line element in terms of the generators above has the form 



1=# 



n-l 



JSf = 1 ■ 



IK 



9 =0 



EEk"- 

9=0 J=l 

where f q £ {0, . . . , and /3q £ C. Write this virtual line element as -Sf (/o, • • • , /n-ii > • ■ • > $o 

Let JSf and Jzf' be virtual line elements, then 

n— 1 n—1 71— 1 

jsf jsf = i + e E((c v * - 1) + (c"« - i)(c v ' - 1) + (c^ - + E^o + /^K 



9=0 Z__l 

n—1 n—1 



9=0 



n-l 



■fir 1 ) 



(15) 



= i + E E(c i(/9+/ - } - ik + Ews + /^K- 

9=0 1=1 9=0 

Thus, multiplication of virtual line elements has the following property: 

_Sf.Sf' = Jzf (fo + fd, ■ ■ ■ , /n-l + f' n -l\0o + B' , . . • , /3 l 1 

Note that this implies that J2f (/„, . . . , / p _ i; . . . , Z^" 1 )" 1 = -S?(-/o, • • • , -/ P -i; -/3§, • • • , -0o 
Thus, the map $ as defined above is an isomorphism of groups. □ 

Proposition 7.2. The virtual line elements V span K(IF(l,n))c as a complex vector space. 

Proof. We show that every generator u q and 1 can be written as a linear combination of line 
elements. Note that 1 = _Sf (0, . . . , 0; 0, . . . , 0). By subtracting the constant term from the line 
element JSf (0, . . . , 0; 0, . . . , 0, 1, 0, . . . , 0), we obtain Uq. Let M be the n(n — 1) x n" matrix whose 
rows are given by pairs (l,q) and columns by n-tuples (fo, ■ ■ ■ , f n -i), where an entry of M is 
(£lfq — iy Construct a submatrix A of M whose columns are the columns of M determined by the 
n-tuples (a, 0, ... , 0), (0, a, 0, . . . , 0), . . . , (0, . . . , 0, a) for each a £ Z/nZ. The matrix A is a block 
diagonal matrix, whose diagonal blocks, B, are the (n — 1) x (n — 1) matrices 



B 



( c-i 

c 2 -i 



c 2 -i 

£2(2) _ i 



(■n-l _ 1 
£2(n-l) _ 1 



\ 



\C" _1 - 1 C 2 ( n_1 ) - 1 ••• (■(™- 1 )(™- 1 ) - ly 
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Squaring the matrix B yields the real matrix 

In n 



B 2 = 



2n\ 

n 

nj 



n 2n 
\2n n 

This matrix has a linearly independent set of n — 1 eigenvectors 



-1 






-1 



W V o y v o y v-V 

As A is block diagonal, A 2 is also block diagonal with diagonal block entries equal to B 2 . Thus, A 
has a linearly independent set of n(n — 1) eigenvectors given by placing the eigenvectors above in 
a column vector with the rest of the entries equal to zero. Thus, the rank of A 2 is n(n — 1), and so 
the determinant is nonzero. This implies the determinant of A is nonzero, and so we conclude that 
the rank of A is n(n — 1). Therefore, the rank of M is n(n — 1) as well. □ 

8. Comparing the virtual K-theory of P(l,n) with the K-theory of its crepant 

RESOLUTION 

To obtain the result from [6] for P(l,n), we need to show that the localization /Coc with its 
virtual product is isomorphic as a ring to the K-theory of a resolution of the cotangent bundle of 
P(l, n) with the ordinary product. Recall that the K-theory ring of the resolution tensored with C 
is isomorphic as a ring to 



K(Z n 



.Xt-i) 



<(Xi-l)(X*-l)>' 
where Z n is the resolution of [6], discussed in Section 3 of this paper. 
There are natural generators for K, given by the line elements 



(J, 



^(0, 



,0;0,...,0) 



^(0, 
^(0, 



,0) 



-,0,1,0,. 

where 

.,0;0,... ,0,1,0,. ..,0)--S?(0,...,0;0, 

. ,0;0,... ,0,1,0,. ..,0)-l, 

where the 1 is in the ith and jth slots, respectively. Note that in the proof of Proposition 7.2, we 
show that the line elements are spanned as a vector space by Jzf (0, . . . , 0, a, 0, . . . , 0; 0, . . . , 0) and 
Jz? (0, . . . , 0; 0, . . . , 0, a, 0, . . . , 0), for a G Z/nZ. Since multiplication of line elements is additive in 
the entries of the s, we see that at and Vj indeed generate /C as a ring. 

Theorem 8.1. The virtual K-theory ring K(IW(l,ri))c admits the following presentation: 



_± ,.± 

, a n-l> u ' ' 



where the ideal I is generated by the polynomials 

(JiiVj - 1) - (Vj - 1) 



-x]/I 



-1) 
1), 



if i ¥= j, 



2,x 
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for the virtual line elements o~i and Vj defined above. 



Proof. The virtual line elements o~i and Vj generate V by the multiplication property (II 5[) of virtual 
line elements. Applying this property again, the relations in the ideal / follow easily. □ 

We will now use Theorem 8.1 to find a presentation for the localization /Co with complex coef- 
ficients. This will be isomorphic as a -0-ring to the ordinary K-theory of the resolution Z n , and 
by establishing an isomorphism as -0-rings between ICqc an d the virtual augmentation completion 
K (iTP(l, n))c we will have a generalization of Proposition 7.22 of [6]. 

By the definition of the virtual line elements J>f, the map Tq :— T\k takes 



1=1 q=0 



9=0 



9=0 



Note that this implies that all the generators a{ will be mapped to the identity loo- In terms of the 
presentation of /C above, we can interpret To by the canonical projection 



K-c = C[cr , . . -,o- n _ 1 , v 



,±i 



/C, 



oc 



r ±l 



^-i! ,,±! ,,±J- 1 / T' 



where /' is generated by the same polynomials as / with the addition of the polynomials <7j — 1. 
Further, the target ring is isomorphic as a ring to 



CIV, 



±i 



T--i"n-U 

{{n - i)(% - i)) 

via a ring isomorphism sending Ui i-> Pi and crj i-> 1. In the proof of Proposition 7.22 of [6 , it is 
noted that since the virtual K-theory is the quotient of the coordinate ring of a torus, the virtual 
augmentation completion K(TP(l,n))c is the localization of K(IF(l,n))c at the maximal ideal 
corresponding to the identity of the torus. But this is exactly the localization /Co- Thus, we have 
that 



K(I¥(l,n)) c = 



((^-1)(%-1)) 

This is clearly isomorphic to the K-theory of the resolution, so we have proved the following theorem. 
Theorem 8.2. For all integers n>2, there is an isomorphism of 'if) -rings 

K(IF(l,n))c^K(Z n ) c , 

with respect to the virtual product on the virtual augmentation completion and the ordinary product 
on the K-theory of Z„, where Z n is the toric crepant resolution o/P(l,n) from [7]. 
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